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multi-dimensional case with more complicated 
atomic arrangements. 
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Abstract 
A single crystal of stoichiometric lithium niobate has 
been studied, using high-resolution synchrotron X- 
rays, under an electric field applied along the polar 
crystallographic c direction. A crystalline plate, 
0.2 mm thick along the c direction, was polarized by 
a +900 V square wave of frequency 50 and 230 Hz. 
Electronic gating ensured that the scattered intensities 
were recorded only during the central 50% of the 
square-wave duration. The results show that the 
stoichiometric crystals have surface layers under the 
A1 electrodes that differ in the c cell dimension from 
the bulk by about dc/c = 6 × 10 -4, The resulting c 
lattice vector is close in length to that of congruent 
Lio.941Nbl.o1203, although the composition of the sur- 
face layer may only be inferred; modification by A1 
in-diffusion may also be possible. The surface-layer 
thickness is estimated to be of the order of 0.01 mm. 
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Introduction 
Lithium niobate is a readily grown high-quality 
single-crystal material widely used in many electronic 
and electro-optic devices. A detailed review of the 
chemisty and physics of lithium niobate has been 
given by R~iuber (1978) and, more recently, in Prop- 
erties of Lithium Niobate (EMIS, 1989). A detailed 
study of both the congruent and stoichiometric crystal 
structure has been presented by Abrahams & Marsh 
(1986). 

Lithium niobate has a congruent melting point at 
1513 K corresponding to the chemical composition 
Li0.946NbO2.973 (Carruthers, Peterson, Grasso & 
Bridenbaugh, 1971), as found in single crystals grown 
from the melt. It is however possible to form 
stoichiometric crystals by lithium vapor-phase 
equilibration of congruent material for about 800 h 
at 1373 K (O'Bryan, Holmes & Kim, 1984). The phy- 
sical properties of lithium niobate are strongly depen- 
dent on composition; for instance, the congruent 
phase has a ferroelectric Curie temperature Tc = 
1402 K, whereas the stoichiometric phase has the 
considerably higher Tc of 1471 (2)K (Gallagher & 
O'Bryan, 1985). 

© 1990 International Union of Crystallography 
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The effect of various kinds of field-induced atomic 
displacements on structure (e.g. electric, elastic, mag- 
netic and thermal) has been of interest for many years 
(Compton & Allison, 1949, and early references 
therein; Abrahams, 1979). Most studies of these 
effects have been concerned with results in equili- 
brium, i.e. following the application and withdrawal 
of the field. Early X-ray diffraction experiments on 
dielectric crystals under the application of DC fields 
resulted in irreprodueible effects, due largely to the 
slow decay of space charges produced within the 
crystalline sample by the field. It became apparent 
that the experimental method should make use of 
fields, preferably with square waveform, and a detec- 
tion system that is precisely and appropriately gated 
to the applied waveform. 

The development of such a system has led to a 
series of studies on the effect of an electric field 
applied to lithium niobate, using high-resolution syn- 
chrotron X-rays as the probe. The present paper dis- 
cusses the change in surface properties of a 
stoichiometrie single crystal of LiNbO3 under the 
application of an electric field. During the study of 
this material, distinctly split Bragg diffraction profiles 
were observed that were not present under identical 
experimental conditions for congruent crystals. A 
comparison of peak profiles from a congruent and a 
stoichiometrie crystal is shown in Fig. 1. An analysis 
of the observations for the stoichiometric compound 
is given below. The splitting is attributed to the forma- 
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Fig. 1. A comparison of 00.18 peak profiles from crystals of con- 
gruent and stoiehiometric LiNbO3. 

tion of a new layer on the outer surfaces of the crystal 
plate. The surface layers are concentrated in the areas 
below the Al electrodes. 

Experimental 
A single-crystal plate with dimensions 1 0 x l 0 x  
0.2 mm was cut and polished from a large boule of 
Czochralski-grown crystal and then converted to 
stoiehiometric composition by lithium vapor-phase 
equilibration. The polished {00.1} crystal faces were 
prepared for electroding by etching in a fluorine 
plasma. A layer of Al about 1000/~ thick was evapor- 
ated on each face, leaving a window frame of material 
0.5 mm wide around the edge of the face without 
electrode material to prevent the possibility of edge 
effects under the application of an electric field. Elec- 
trical leads were connected to the AI layers by thin 
silver epoxy. The electrodes were connected to a 
power supply producing ±900 V square waves. Pulses 
associated with the middle 50% of the positive- and 
negative-going parts of the square wave were used to 
gate the NaI scintillation detector output to two 
different counting sealers. The square-wave voltage 
was applied at 50 or 230 Hz during the experiments 
to prevent the build up of compensating field charges 
at the electrode interfaces. The voltage across the 
crystal produced by the square wave is generated 
according to the formula 

V= Vo[1-exp (- t /RC)].  (1) 

Integration over the central portion of the wave 
yields an effective average voltage of 

V= Vo(1 +4(f/fc){exp [_3(fc/f)] 

- e x p  [-~(fc/f)]}), (2) 

where f is the frequency and f~ is the inverse of the 
RC time constant. The time constant in this experi- 
ment was measured as 2 ms, giving a 10% voltage 
reduction at 50 Hz and a 60% reduction at 230 Hz. 

The experimental arrangement is illustrated in Fig. 
2. The crystal polarity sense was determined from the 
pyroelectric response as measured with a current 
amplifier. The crystallographic (00.1) face was found 
to become positively charged upon cooling. 

The X-ray data were collected at the National Syn- 
chrotron Light Source Crystallography Station X-TB 
on a Huber six-circle diffractometer with detector 
motion in the vertical plane, using NaI scintillation 
detectors (Kviek, 1989). The A = 0.989/~ X-ray beam 
was obtained by monoehromatization of the bending- 
magnet radiation with an Si(111) double crystal fol- 
lowed by focusing in the horizontal direction with an 
Rh-eoated mirror at a grazing angle of 3 mrad. The 
synchrotron ring current during the experiment was 
in the range 45 to 145 mA and the detected scattered 
signal was attenuated by Pb foils placed in front of 
the scintillation counter to ensure a linear response. 
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The primary beam was collimated so that the 'foot 
print' of the beam, even at the highest Bragg angles, 
did not extend outside the M-coated areas. The elec- 
trodes were arranged to ensure that no obstruction 
of primary or reflection beams occurred. 

Two profiles for each reflection were collected syn- 
chronously in an to step-scan mode with an to-step 
width of 0.002 ° . The intensity for each step was col- 
lected for a preset number of counts obtained from 
a thin Kapton film, inserted in the primary beam after 
the final exit collimation, and monitored with a scin- 
tillation detector. The recorded profiles are given in 
Fig. 3. Reference profiles before the field was applied 
and from areas outside the electrodes are also shown 
in Fig. 3. 

Data analysis 

The diffraction profiles were analyzed by least- 
squares fit to the recorded profiles, assuming com- 
ponents from two different Gaussian peak profiles, 
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Fig. 2. (a) Crystal and electric field polarity. (b) Diffraction 
geometry. 

using the expression 

I(to) [ I . /o ' . (2~ ')  °5] exp 2 2 = ( -x . / 2c r . )  

+ [is/o.s(Zrr)0.5] exp ( 2 2 -xJ2o '~ )  + Ibgr, (3) 

where x. = to. - too+0-5Ato, xs = to~ - too- 0-5Ato and 
ato is the splitting between the two peaks. The sub- 
scripts s and n denote stoichiometric and new phases, 
respectively. The parameters refined were the 
observed integrated intensities I.  and Is, the Gaussian 
width parameters o-~ and o-., the observed shifts to~ 
and to. caused by the difference in the cell dimensions 
and the too correction to eliminate any errors in the 
absolute scaling. The least-squares results are given 
in Table 1 for measurements at both 50 and 230 Hz 
and are broken down into components A and B with 
reference to the polarity of the external field (see Fig. 
2). It should be noted that the 230 Hz values refer to 
a smaller effective field because of the RC rise-time 
voltage reduction caused by the limited current output 
of the power supplies. The least-squares agreement 
values R are defined as 

R = E IIcalc -/obsl/E Ilobsl. (4) 

Selected crystal data from Abrahams & Marsh 
(1986) are given in Table 2. 

Intensity evaluation 

Analysis of the integrated intensities is dependent on 
the scattering formalism used. Complete expressions 
for the different cases are given in the Appendix. The 
diffraction geometry is illustrated in Fig. 2(b). The 
data were collected in a bisecting mode that effectively 
reduces the direction cosines for the incoming and 
diffracted beams to sin 0. The minor differences in 
structure factors and diffraction angles for the two 
phases were disregarded in the following analysis. 

In the case of two layers of ideally imperfect crystal, 
the ratio between the intensity of the surface layer 
and the total observed intensity, for a given reflection, 
can be expressed as: 

~= I t / I  t°t= I ' / ( I '  + 17) 

= 1 - e x p  (-2/zt /s in 0) (5) 

assuming the thickness T of the stoichiometric phase 
to be large [i.e. exp ( -2 /zT/s in  0) is small]. The nor- 
mal absorption (/z) factor was determined experi- 
mentally to be 132.5 cm-~; the intensity contribution 
from the back surface is thus negligible 
[<exp ( -0 .04 x 132.5) = 5 x 10-3]. 

In the case of an ideally perfect crystal where both 
layers are sufficiently thick, the ratio can be expressed 
as a series: 

s r = [1 +exp (-2/zt /s in  0)] -1 

= 1 - exp (-2/z t /s in  0) + exp ( - 4 g t / s i n  0) + . . .  

= 1 - e x p  (-2/zt /s in  0). (6) 
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Fig. 3. (a) 001 reflections collected before the electric field was applied. A = 0.989 A. (b) 001 diffraction profiles under applied +900 V 
electric fields at 50 and 230 Hz. Full line denotes A-type field and broken lines denote B-type field (see Fig. 2). (c) 001 reflections 
collected from outside the AI layer. A = 0.807 A. 
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Table 1. Least-squares parameters from the Gaussian profile fit for stoichiometric LiNbO3 

h k ! 

1. f = 5 0 H z  
0 0 24 A* 1644(12) 3178 (14) 

B* 1913 (15) 3790 (17) 
0 0 18 A 6229 (68) 7390 (76) 

B 7526(30) 5782(31) 
0 0 -24  A 3548(34) 3431(27) 

B 3532(32) 2693 (25) 
0 0 -18 A 9979 (51) 3746(43) 

B 12031(51) 1487 (32) 
0 0 -12 A 4211(22) 791(19) 

B 4161(32) 743 (26) 

2. f =  230 Hz 
0 0 24 A 3548 (34) 16373 (44) 

B 4011(42) 16508(54) 
0 0 18 A 6535(37) 6773 (41) 

B 6088(31) 6882(35) 
0 0 -24  A 3296(34) 3265(26) 

B 3311(35) 3088(28) 
0 0 -18 A 9668 (49) 3715 (40) 

B 9939 (44) 3578 (37) 
0 0 -12 A 9757(49) 1718(35) 

B 9871 (46) 1593 (32) 
0 0 - 6  A 3157 (15) 225(11) 

B 3366(15) 143 (10) 

IN Is ~r N ~r s Ato R 

0.0204(1) 0.0260 (1) 0.0565 (2) 0-037 
0.0193 (2) 0-0257 (1) 0.0537 (1) 0.034 
0-0264(3) 0-0272(3) 0.0394(5) 0.071 
0.0197 (1) 0.0179(1) 0.0417 (1) 0.034 
0.0314(3) 0.0172 (1) 0.0652 (3) 0-062 
0-0329 (3) 0.0165 (1) 0.0623 (3) 0.066 
0.0244(1) 0.0132 (1) 0-0462 (2) 0.056 
0.0319(1) 0.0095(2) 0.0457 (2) 0.050 
0.0265(1) 0.0119(2) 0.0121(4) 0.060 
0.0294(2) 0.0122(4) 0.0165(6) 0.081 

0.0134(1) 0.0257(1) 0.0515 (1) 0.030 
0.0135(1) 0.0252(1) 0.0537(1) 0.034 
0.0187(1) 0.0207(1) 0-0405(2) 0.044 
0.0168(1) 0.0198(1) 0.0401(1) 0.036 
0.0300(3) 0.0160(1) 0.0642(2) 0.066 
0.0303 (3) 0.0162(1) 0.0631 (3) 0.070 
0"0232 (1) 0"0125 (1) 0"0461 (2) 0-053 
0.0242 (1) 0.0133 (1) 0.0466 (2) 0.051 
0.0265(1) 0.0091(2) 0.0190(3) 0.058 
0"0272(1) 0"0088(2) 0"0205(3) 0-059 
0"0252(1) 0"0090(4) 0"0306(3) 0"053 
0"0256(1) 0"0076(4) 0"0290(3) 0-057 

3. Profiles under AI electrodes before the electric field was turned on 
0 0 24 114(1) 202 (1) 0.0203 (2) 
0 0 18 695(3) 592(2) 0.0214(1) 
0 0 -24 161(2) 239(2) 0.0256(3) 
0 0 -18 440(8) 788 (7) 0.0167 (3) 

4. Profiles outside AI electrodes (a = 0.807 A); no electric field 
0 0 24 700(14) 9358 (21) 0.0057 (1) 
0 0 18 374(13) 1723 (15) 0.0064(2) 
0 0 12 993(26) 2474(29) 0.0073(2) 
0 0 -24  75 (6) 442 (8) 0.0051 (3) 
0 0 -18 470(22) 1467 (26) 0.0065(3) 
0 0 -12 878(30) 2477(35) 0.0069(2) 

* A and B refer to the polarity of the external field, 

0.0127(1) 0.0455(1) 0.047 
0.0094(1) 0-0378 (1) 0.033 
0.0173 (1) 0.0534(2) 0.070 
0.0147(1) 0.0388(2) 0.066 

0.0132(1) 0.0263 (1) 0-016 
0.0094(1) 0.0245(2) 0.057 
0.0093 (1) 0.0257(2) 0.070 
0.0106(2) 0.0253(4) 0.102 
0.0094(2) 0.0253(3) 0-108 
0.0094(3) 0.0264(3) 0.090 

cfFig.  2(a). 

For a very thin (-<1 Ixm) ideally perfect surface 
layer, the scattering approaches that of  an ideally 
imperfect crystal and the intensity contributions are 
no longer directly comparable. The two contributions 
can be placed on a common scale by means of the 
expression 

/-' __. / ideally imperfect//ideally perfect 

= [ 1 - e x p ( - E / z x / s i n  O)]zr(l+kE)/41glR y, (7) 

where g and R y are given in the Appendix. For x = T, 
the exponential factor vanishes and 

~r= I ' / (I t  + F I r ) =  l - exp( -El~ t r / s in  0). (8) 

The thickness of  each surface layer (t) was calcu- 
lated for the two models using the observed intensities 
In = P and Is = I r and (5) and (8). The results are 
listed in Table 3. 

Discussion 

Fig. 3 illustrates the reflection profiles recorded from 
the area under the A1 electrodes before and after an 
electric field was applied. For comparison six profiles 
from an area outside the AI electrodes recorded at 

Table 2. Crystal data for stoichiometric ( S) and con- 
gruent ( C) LiNbO3 

Space group R3c, Z = 6, A = 0.989/~,. 

(s) 
Compos i t ion  1 LiNbO3 

a (A,)* 5.1474 (1) 
c (/~)* 13.8561 (1) 
/z (mm -l)  13.2 

0006( ° ) 12.3645 12-3564 
0ool2(°) 25.3571 25.3398 
0oot8(°) 39.9702 39.9395 
00024( ° ) 58.9279 58.8671 

* Abrahams &Marsh (1986). 

(c) 
Lio.o41Nbl.o1203 

5"1506 (1) 
13.86496(3) 
13.3 

AO 
O.O081 
0.0173 
0.0307 
0.0608 

the conclusion of the experiment without a field are 
also shown. 

Inspection of Fig. 3 shows that all profiles taken 
from below the A1 electrodes give evidence of peak 
splitting, indicating the existence of surface layers of  
different d spacing. Before electric-field treatment, 
the surface-layer thickness is about 0.015 mm thick, 
using (5) for the calculations and 0.007 mm if (8) is 
used. The values for Gaussian spread parameters (cf. 
o'N, O's in Table 1) are twice as large for (00.l) surface 
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Table 3..Calculated thickness of modified layer on stoichiometric LiNbO3 

Values of  F (equation 7): 00.24 2.105; 00.18 3.133; 00.12 4.582; 00.6 4.532 (/z = 132.5 cm-~). The value of  00.18 with field B and 
frequency 50 Hz was not used in calculation of  average surface thickness. 

h k l 

1. f =  50 Hz 
0 0 24 

0 0 18 

0 0 -24 

0 0 - 1 8  

0 0 -12 

2. f =  230 Hz 
0 0 24 

0 0 18 

0 0 - 2 4  

0 0 - 1 8  

0 0 - 1 2  

0 0 -6  

~: srr t (mm) tr (mm) 

A 0.3409(28) 0.1973 (16) 0.0135(2) 0.0071 (2) 
B 0.3354(29) 0.1934(17) 0-0132(2) 0.0069(2) 
A 0.4575(61) 0-2120(29) 0.0148(3) 0.0058(3) 
B 0.5655(29) 0.2935 (17) 0-0202(2) 0.0084(2) 
A 0.5084(58) 0.3294(38) 0.0229 (3) 0-0129 (3) 
B 0.5674(63) 0.3839(43) 0.0271(4) 0.0156(4) 
A 0.7271 (51) 0.4595 (38) 0.0315 (3) 0.0149(3) 
B 0.8900(55) 0.7209(57) 0.0535(5) 0.0309(5) 
A 0.8419(66) 0.5374(68) 0.0298(4) 0.0125 (4) 
B 0.8485(97) 0.5499(99) 0.0305 (6) 0.0129(6) 

A 0.1781 (18) 0.0933 (9) 0.0063 (1) 0.0032(1) 
B 0.1955 (21) 0.1035 (11) 0.0070(2) 0.0035 (1) 
A 0.4911 (34) 0.2355(18) 0-0164(2) 0.0065(1) 
B 0.4694(29) 0.2202(14) 0.0154(2) 0.0060(2) 
A 0.5024(61) 0.3241(39) 0.0226(3) 0.0127 (3) 
B 0.5174(66) 0.3375 (43) 0.0235 (4) 0.0133 (4) 
A 0.7724(50) 0-4537(37) 0.0311(3) 0.0147(3) 
B 0.7353 (45) 0.4700(35) 0.0322(3) 0-0154(3) 
A 0.8503 (62) 0.5535(60) 0.0307(3) 0.0130(4) 
B 0.8610(58) 0.5748 (58) 0.0319 (3) 0.0318 (4) 
A 0.9335 (68) 0.7559 (101) 0.0219 (4) 0.0114(4) 
B 0.9592(65) 0.8385 (106) 0.0258 (6) 0-0147(6) 

3. Below AI electrodes, before field was applied 
0 0 24 0.361 (4) 0.211 (2) 0.0145 (2) 0.0077 (2) 
0 0 18 0.540(3) 0.273 (1) 0.0188 (1) 0.0077(1) 
0 0 -24 0.402 (6) 0.242 (4) 0.0166 (4) 0.0090 (4) 
0 0 -18 0.358 (7) 0.151 (3) 0.0107 (3) 0.0040 (3) 

from AI electrodes, no field applied; A =0-807 A,, F (equation 7): 00.24 2-161; 00.18 4.553; 00.12 6.377;/z =74.5 cm -1 
0 24 0.070 (1) 0.033 (1) 0-0034 (2) 0.016 (1) 
0 18 0.178 (6) 0.046 (2) 0.0069 (5) 0.0016 (4) 
0 12 0.286 (8) 0.059 (2) 0.0079 (4) 0.0014 (4) 
0 -24 0.145 (1.2) 0.073 (6) 0.0073 (12) 0.0035 (12) 
0 -18 0.243 (12) 0-066 (3) 0.0098 (9) 0.0024 (9) 
0 -12 0"262 (10) 0"053 (2) 0-0071 (5) 0"0013 (5) 

4. Away 
0 
0 
0 
0 
0 
0 

layers denoted N as for the bulk stoichiometric phase 
denoted $. A tendency for surface-layer formation in 
the area outside the A1 electrodes is also detected but 
here they appear to be much thinner (0.007 or 
0.002 mm, respectively). 

The profiles below the A1 surface change markedly 
under an applied electric field. The most obvious 
effect is the broadening of the Gaussian spread associ- 
ated with the stoichiometric phase on the +e side (see 
Table 1) where the cr s increases from an average of 
0.01 to 0.024. The averages on the - c  side are virtually 
identical, 0.016 and 0.013, before and after field appli- 
cation. 

Calculations using (5) or (8) give a difference in 
the apparent thickness of the (00.1) and (00.1) surface 
layers. Equation (8), for instance, gives an average 
(00.1) thickness of 0.0138 (12) mm compared to 
0.0059 (18) mm for (00.1). It is, however, not clear if 
this apparent change caused by the electric field is 
an actual change in surface-layer thickness or if it is 
a computational artefact caused by the assumption 
of equal-scattering theory for the two sides. This 
assumption may not be correct since the Gaussian 
spread parameters change differently for the two 

sides. Further studies must be made to ascertain 
definitively if the results are indeed related to a struc- 
ture dependency or are due only to a reduction in 
crystal perfection for the stoichiometric phase on the 
+e side of the crystal. 

The resolution provided by the synchrotron radi- 
ation, however, allows the nature of the surface layer 
to be investigated further. Differentiation of Bragg's 
law yields 

zld/d = -co t  0/tO. (9) 

Hence it is possible to calculate Ac/c from the 
separation observed between Bragg diffraction 
profiles. The highest-resolution data (i.e. 00.24) give 
an average value of 6 .2x  10  -4  for Ac/c. The values 
for the two field frequencies show no deviations but 
there is a small systematic difference of +0.5 x 10 -4 
between the positive and negative directions along 
the c axis, probably indicating the level of accuracy 
in our measurements. The Ac/c values calculated for 
lower-order 00.1 show a broader range from 4-5 to 
9.7 x 10 -4. It is interesting to compare this values with 
that expected from a mixture of stoichiometric and 
congruent LiNbO3 using the high-precision unit-cell 
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dimensions in Table 2. This calculation gives Ac/c  = 
6"4 x 10 -4, which is an excellent agreement with the 
observation suggesting that the new phase may be a 
congruent-composition surface layer. Contemplation 
of the nature of the surface layer, however, indicates 
that at least two hypotheses are possible. The first 
takes the near identity of the c-axis length and that 
of congruent lithium niobate as an indication of iden- 
tity of composition. The second assumes that A1 atoms 
from the evaporated electrodes have in-diffused to 
the LiNbO3 plate. Both hypotheses may be examined. 

A change in composition from stoichiometric to 
congruent at room temperature is possible although 
many studies on stoichiometric LiNbO3 plates under 
lower applied electric fields (on the order of 100 V) 
have given no evidence for composition changes at 
room temperature. A frequency dependence of dielec- 
tric properties has, however, been reported (Watson, 
1986). 

In the second hypothesis, A1 atoms are considered 
to diffuse into stoichiometric LiNbO3 and partially 
replaced Li; the ionic radii of AI 3÷ and Ti 4+ are 
comparable [0.54 and 0.61/~, respectively; Shannon 
(1976)], and in-diffusion of the slightly larger Ti 4+ 
is readily achieved in producing waveguides on 
LiNbO3. Ti 4+ in-diffusion is achieved over a period 
of days at temperatures around 1270 K and the con- 
centration profiles obtained show penetration depths 
to about 4 I~m (Aksenov, Kukharev, Lipovskaya, 
Lipovskii & Pavlenko, 1987). The in-diffusion of 
titanium has been proposed to proceed via a rutile 
solid-solution phase, i.e. LiNb3Os-TiO 2 (Rice & 
Holmes, 1986). The diffusion constant of A13+ ions 
is very small, even at elevated temperatures, with a 
value of D = 10 -14 m 2 s -1 at 2200 K for A13÷ in A1203 
(Paladino & Kingery, 1962). 

Further work is clearly needed to obtain detailed 
information on the surface layer formed in the present 
experiment. A test of the above hypotheses is not 
readily undertaken by examination of the surface 
layers in vacuo by electron spectroscopy methods 
because of the limited penetration depth (less than 
50/~) or, in the case of high-energy Auger spectros- 
copy, because of the lack of resolution. Observations 
by secondary ion mass spectroscopy (SIMS) may be 
distorted by 'crater' formation upon Ar or Cs bom- 
bardment. Rutherford back-scattering techniques 
(RBS) or analytical electron microscopy (EDAX) of 
a cross section of the plate may yield useful informa- 
tion concerning the nature of the surface layer. These 
techniques, together with further study of the field 
dependence on the surface-layer formation, will be 
pursued in subsequent experiments. 

It is a pleasure to thank Dr M. C. Nelson for 
valuable discussion and The Swedish Natural Science 
Research Council for financial support (KS). 

APPENDIX 

In the case of a thick ideally perfect non-centrosym- 
metric crystal in a narrow monochromatic beam, the 
integrated intensity (Weiss, 1966) for the reflecting 
(Bragg) mode is 

i = I o  KA ErelF'nl R y 
to 7rlbl°'5Vsin 20 

(3O 

f 1 + k 2 + 2S 
R y J [ (1 - k2) 2 + 4p2] °'5 [ L -  (L 2 - 1)°'5] dy 

- - O 0  

[(y2_ g2 + k 2 - 1)2 + 4(gy_p)2]0.5 + y2 + g2 
L =  [(1 - k2)2+4p2]°'5 

where Io = incident-beam power; to = angular veloc- 
ity; K =polarization (for synchrotron radiation in 
our case, K-~ 1); re =classical electron radius; b = 
ratio of direction cosines of incident and diffracted 
beam relative to the crystal surface, for the symmetric 
case, b = -1 ;  V = unit-cell volume; 

( 1 - b ) / z V  

g-41bl°'SreAIF'~l K '  

k = IF';-,lllF',-,I; s = - k  sin 8; p = k cos 8, 

8 =difference in phase angles between real and 
imaginary parts of structure factor;/z = linear absorp- 
tion coefficient; 

y = [0.5(1 - b)Oo +0.5ba]/KI,P'~llbl °5, 

where 0o is the real part of the electron polarizability 
per unit volume (times 47r) in the forward direction 
and c~ = 2(0~ - 0) sin 20~ where 0B is the Bragg angle 
and 0 is the angle the incident beam makes with the 
crystal planes. 

In the case of a very thin ideally perfect crystal 
( t -< l  Ixm) or an ideally imperfect crystal, the 
integrated intensity can be expressed as 

I = Io  [ 1 - e x p  ( -2 /z t / s in  0)]KErEA 12 
to 2/.~V 2 sin 0 

t = crystal thickness, and IF . I  2 = IF~I  2 + lEVI 2. 
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Abstract 

Some progression formulae for uneven and 'asym- 
metric' sampling of the Brillouin zone are shown to 
be particularly useful to attain fast convergence in 
the calculation of atomic displacement parameters 
and thermodynamic functions by lattice-dynamical 
procedures. 

Introduction 

Lattice dynamics provides a useful way for deriving 
important crystal properties from structural and 
spectroscopic (or force-field) data. Among these 
properties, there are thermodynamic functions and 
also information about thermal behaviour (e.g. TDS, 
atomic displacement parameters or a.d.p.'s). 

For instance, the atomic displacement tensor U(p) 
relative to a certain atom p can be obtained as follows: 

U(p)=(Nmp) - l~ ,  Ez(q)[27ruq,(q)] -2 
~,q 

× e( p [ ~q)[e* ( p [ qJq)]'. (i) 

Here e(pl Oq) is the mass-adjusted polarization 
vector of the atom p, E,(q) is the average energy of 
the mode, N is the total number of unit cells in the 
crystal and mp is the mass of the atom (see, for 
instance, Willis & Pryor, 1975). 

Similarly, thermodynamic functions such as the 
molar heat co and entropy S can be derived from the 
same data: 

co = 3R ~., g,,(hv/kT) 2 exp (hv /kT)  

x [exp (h~,/kT) - 1]-2A ~, (2) 

S = Evib /T-  3 R Y. g~ In [ 1 - e x p  (hv/kT)]A~,, 
(3) 

where Evi b is the vibrational energy of the crystal and 
g~ is a density-of-states function, normalized so that 
Y~ ~ g ~ v  = 1. The summations are extended to all the 
vibrational modes (0) of frequency u, for a certain 
point of the Brillouin zone corresponding to a certain 
value of the wave vector q and (in principle) to all 
the values of q in the Brillouin zone. 

The necessity of sampling the Brillouin zone at a 
sufficient number of points is one of the major prac- 
tical difficulties. For some thermodynamic functions, 
considerable efforts have already been made to define 
an efficient way to obtain an accurate description of 
the density of states of a material from a limited 
sampling (see, for instance, Baldereschi, 1972; Chadi 
& Cohen, 1973; Price, Parker & Leslie, 1987). The 
situation becomes considerably more critical if 
a.d.p.'s or their molecular counterparts [such as T, L 
and S in Schomaker-Trueblood's (1968) notation] 
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